Abstract. Let (G; X ) be a locally compact transformation group. We characterize when the associated transformation-group C -algebra C0(X ) o G has bounded trace. If G acts freely on X then C0(X ) o G has bounded trace if and only if the action of G on C0(X ) is integrable. If G is Abelian and the stability subgroups vary continuously then C0(X ) oG has bounded trace if and only if the action is integrable relative the stability subgroups. The upper multiplicity of an irreducible representation of C0 (X)oG is invariant under the dual action of G; as an application we identify largest bounded-trace ideal in Type I transformation-group C -algebras.
Introduction
An element a of the positive cone A + of a C -algebra A is a bounded-trace element if the map 7 ! tr( (a)) :Â ! 0; 1] is bounded on the spectrumÂ of A. The collection T (A + ) of bounded trace-elements is the positive part of the two-sided self-adjoint ideal T (A) := span T (A + ). If T (A) is dense in A then A is a bounded-trace C -algebra 14, 18] .
Let (G; X) be a locally compact Hausdor transformation group. In this paper we characterize transformation groups whose C -algebras C 0 (X) o G have bounded trace. One of the main theorems is Theorem 4.8. Let (G; X) be a second countable transformation group. If G acts freely on X then C 0 (X) o G has bounded trace if and only if the action of G on C 0 (X) is integrable.
Here we mean \integrable action" as recently de ned by Rie el for a strongly continuous action of a group G on a C -algebra A 23] . It is natural to ask what are simultaneous necessary and su cient conditions on (G; X) for the action of G on C 0 (X) to be integrable 23, Question 1.19] ; the answer is that we require that for each compact subset N of X sup x2N f (fs 2 G : s ?1 x 2 Ng)g < 1;
where is a choice of left Haar measure on G. Theorem 4. 8 is in the spirit of other theorems linking properties of the action to the tracial properties of the irreducible representations of the transformation-group C -algebra in 9, 10, 25, 26, 27] . We will brie y outline the results which motivate ours.
A C -algebra A is a continuous-trace C -algebra if the set M(A + ) of continuous-trace elements, a 2 A + such that 7 ! tr( (a)) is nite and continuous, is the positive part of a Date: August 20, 1999 A subset N of X is wandering if the set fs 2 G : s N \ N 6 = ;g is relatively compact in G. If every point of X has a wandering neighborhood then X is a Cartan G-space 15 , De nition 1. 1.2] . When the action is free, these spaces are precisely the principal bundles of Cartan by 15, Theorem 1.1.3], and they are called principal G-bundles by Husemoller in 13] . The action of G on X is proper (in the sense that the map (s; x) 7 ! (s x; x) from G X into X X is a proper map) if and only if every compact subset of X is wandering. If the action of G on X is proper then X is a Cartan G-space, but the converse is not true even if the action is free, an example is 12, Example 3] . If X is a Cartan G-space then the action is integrable, but again the converse is false even if the action is free as is illustrated by Example 3.3.
When the action is free, Green proved that C 0 (X) o G has continuous trace if and only if the action is proper 10, Theorem 17]; and we showed in 12, Theorem 1] that C 0 (X) o G is a Fell algebra if and only if X is a Cartan G-space.
In Section 3 we prove that if the action is integrable then C 0 (X)oG has bounded trace. To Let be the space of closed subgroups of G endowed with the Fell topology from 6]. The stability subgroups vary continuously if the map : X ! : x 7 ! S x is continuous. De ne an equivalence relation on X G by (x; s) (y; t) if and only if x = y and st ?1 2 S x . If the stability groups vary continuously then the quotient space X G= is a locally compact Hausdor space and the quotient map is open 27, Lemma 2.3]; the action of G on X isproper if the map (x; s)] 7 ! X X of X G= into X X is proper 21, De nition 4.1]. Thus there are examples of transformation groups whose C -algebras even have continuous trace but the action is not integrable: for example if the action is -proper and there are non-compact stability subgroups. We de ne the action of G on X to be -integrable if for every compact subset N of X sup x2N f x (q x (fs 2 G : s x 2 Ng))g < 1; where q x : G ! G=S x is the quotient map and f x g x2X is a certain choice of measures on fG=S x g x2X . Theorem 4.9. Let (G; X) be a second countable transformation group with G Abelian such that the stability subgroups vary continuously. Then C 0 (X) o G has bounded trace if and only if the action is -integrable.
One does not need the stability subgroups to vary continuously in order to de neintegrability, but our techniques are based on those in 27], and they depend heavily on this assumption.
Multiplicities of irreducible representations studied in 1, Throughout (G; X) is a locally compact Hausdor transformation group: thus G is a locally compact Hausdor group and X is a locally compact Hausdor space together with a jointly continuous map (s; x) 7 ! s x from G X to X such that s (t x) = st x and e x = x. We assume that both G and X are second countable. The action of G on X lifts to a strongly continuous action of G by automorphisms of C 0 (X) given by s (f)(x) = f(s ?1 x). The associated transformation-group C -algebra C 0 (X) o G is the C -algebra which is universal for the covariant representations of the C -dynamical system (C 0 (X); G; ) in the sense of 20]. More concretely, C 0 (X)oG is the enveloping C -algebra of the Banach -algebra L 1 (G; C 0 (X)) of functions f : G ! C 0 (X) which are integrable with respect to a xed left Haar measure on G 16 we will produce an element g 2 C c (X) which is not order-integrable.
Choose fx n g N such that (fs 2 G : s ?1 x n 2 Ng) > n and g 2 C c (X) + with g = 1 on N and 0 g 1. There exists a compact subset L n fs 2 G : s ?1 x n 2 Ng such that (L n ) > N ? 1. We write Ln for the characteristic function of L n and compute:
It follows from 23, Proposition 1.5] that g is not order-integrable.
Conversely, suppose (3.1) holds for every compact subset N of X, and let f be a non-negative X is a closed subset of R 3 and consists of countably many orbits, with orbit representatives x 0 = (0; 0; 0) and x n = (2 ?2n ; 0; 0) for n = 1; 2; : : : . The action of G = R is given by s x 0 = (0; s; 0) for all s; and for n 1, s x n = Observe that the action is free and each orbit consists of two vertical lines joined by a halfcircle of radius n. The action moves x n along the vertical lines at unit speed, and along the half-circle at radial speed. The orbit space X=R = fx 0 ; x n : n 1g is compact Hausdor and discrete except for the limit point x 0 .
This action was generalized by Rie el in 23, Example 1.18], and it was shown there that this action is integrable. We give a proof here using our characterization of integrability. Let N be any compact subset of X. We may assume that N = ( x 0 ; x 1 ] ?k; k] ?k; k]) \ X for some k > 0. The time spent moving any orbit representative x n along the half-circle of the orbit is always units. For u x n to be on the rst vertical line of the orbit as well as in N we must have ?k u k. Similarly, we need ?k + + 2n u k + + 2n for u x n to be in N and on the second vertical line of the orbit. If x 2 N then x = t x n for some t 2 R To prove this, we need to show that the ideal T (C 0 (X) o G) of bounded-trace elements is dense in C 0 (X) o G. Note that (a + b) ( 
is square-summable if N 2 ( ) < 1 and is the N 2 -limit of elements in K( ), the vector elds in with compact support on G=H. Let L 2 ( ) be the space of all the square-summable vector elds. A vector eld is measurable if it satis es Lusin's property: for all compact subsets K of X and > 0, there exists a compact subset K 0 such that jK 0 2 and (K n K 0 ) < . Thus a vector eld is an element of L 2 ( ) if and only if N 2 ( ) < 1 and is measurable. Note that L 2 ( ) fails to be a Hilbert space only because N 2 is a semi-norm. Let N = f 2 sH2G=H H sH : = 0 H a.e.g. This is a closed subspace of L 2 ( ), and we de ne L 2 ( ) = L 2 ( )=N. Equipped with the inner product de ned by We will apply Theorem 3.8 in the proof of Proposition 3.5 with H = S x for x 2 X. Thus we need to x a choice of measures on S x and G=S x (x 2 X). Let Then (rs; x) = (s; x) (r; s x) and (st; x) = Sx (t) G (t ?1 ) (s; x) for all x 2 X; r; s 2 G and t 2 S x . Now, for each x 2 X, we can choose a unique quasi-invariant measure x on G=S x , such that for all f 2 C c (G),
We are now ready to prove that if the action of G on X is integrable then A = C 0 (X) o G has bounded trace.
Proof of Proposition 3.5. As observed earlier, it su ces to show that 7 ! tr( (b b)) is bounded onÂ for xed b 2 C c (G)C c (X). Moreover, every irreducible representation of A is induced from an irreducible representation V : S x ! U(H V ) for some x 2 X. Let M x : C 0 (X) ! B(L 2 V ) and U : G ! U(L 2 V ) be the representations given by
Then the integrated form of the covariant representation (M x ; U) of (C 0 (X); G) is unitarily equivalent to Ind G x (V ) (cf. 22, Theorem C.33]). Fix
We will realize b b as an operator on L 2 ( ) using the isomorphism , and show that the vector-valued version of Mercer's Theorem in Theorem 3.8 can be used to bound the trace of M x U(b b) by a constant not depending on x or V .
By integrability S x is compact so that Sx (t) = G (t) = 1 and (ut; x) = (u; x) for t 2 S x .
we can realize M x o U(b) as the kernel operator B S 2 B(H V ) in the sense that
Similarly 
Hence T is the operator determined by the continuous kernelK as claimed. 
Finally,
is nite because the action is integrable. Since the right side depends only on b = hf we conclude that A has bounded trace.
If the action is free then the converse of this result is quite straight forward to prove. We omit it here because this will follow as a special case from Proposition 4.5.
Integrability relative to stability subgroups.
There are examples of transformation-group C -algebras C 0 (X)oG which even have continuous trace where the action is not integrable; an example is 27, Example 5.4] where the action is -proper (see Section 1) and the stability subgroups are not compact. Motivated by these sorts of examples and 27, Theorem 5.1], which relates -proper actions and transformation groups whose C -algebras have continuous trace, we now de ne integrability relative to the stability subgroups.
Let q x be the quotient map G ! G=S x . We will continue to work with the choice of measures x on S x and x on G=S x de ned in the previous section. 3. Suppose that all the stability subgroups are normal in G. Then !(t; r x) = !(t; x) for all r; t 2 G and x 2 X. Consequently, x is right-invariant and !( ; x) is a homomorphism for each x 2 X. 4 . Suppose that the union of the stability subgroups is relatively compact and that all the stability subgroups are normal in G. If the action of G on X is -integrable then it is integrable.
5. Suppose all the stability subgroups are normal in G. If the action is -integrable then the orbits are closed.
Proof. For each x 2 X let x be the map s 7 ! s x from G into X. 
depends only on the orbit of x, and hence
for all r 2 G. By 27, Lemma 2.21]
so that x (Er) = r x (E) = x (E) for all r 2 G. Thus x is right-invariant.
Finally, !(st; x) = G (st) (st; x) = G (s) (s; t x) G (t) (t; x) = !(s; t x)!(t; x) = !(s; x)!(t; x). Since ! is also bounded it follows that !(t; x) = 1 for all t 2 G and x 2 X. Let N be any compact subset of X. Write E = ?1 x (N). Then
and the action is integrable. Let (R; X) be the transformation group described in Example 3.3.
De ne an action of R R on X C by (r; s) (x; z) = (r x; s z). Again, this action is not integrable because the stability groups are non-compact:
S (x;z) = f0g R if z = 0; f0g jzjZ if z 6 = 0:
The stability groups vary continuously because they do so in each variable. The action fails to be -proper because it is free but not proper (hence not -proper) in the rst variable; it is -integrable because it is free and integrable (hence -integrable) in the rst variable and is -integrable in the second variable. where C f is a constant not depending on x. We need to show that we can bound Suppose that the -integrability of the action fails at a compact subset N of X, and choose a sequence fx n g in N converging to some z in N such that xn (q xn (fs 2 G : s x n 2 Ng)) > n. We may assume that x n 6 = z for all n because fs 2 G : s z 2 Ng = PS z for some compact subset P of G. We begin by building some functions in C c (G X) which will later be used to de ne the element d. Let Q be an open symmetric relatively compact neighborhood of e in G and set V 0 = Q 2 .
Denote the closure of V 0 by V . Choose f 2 C c (X) + which is identically one on V 0 N. 
Computing multiplicities in transformation groups
Let A be a C -algebra and 2Â. In 1] Archbold introduced the upper and lower multiplicities of , denoted by M U ( ) and M L ( ) respectively, which are seen in 1, 3, 2] to be a powerful tool for studying the behavior of the trace function 7 ! tr( (a)) onÂ (a 2 A + ).
One can characterize bounded-trace C -algebras using upper multiplicities: they are precisely the class of C -algebras in which every irreducible representation has nite upper multiplicity 2, Theorem 2.6]. The class of Fell C -algebras consists of C -algebras where the multiplicity of every irreducible representation is one 1, Theorem 4.6].
The formal de nition of the multiplicity of an irreducible representation is quite complicated, and in 1] Archbold rst illustrates the intuitive idea with an example before providing the de nitions. We begin by computing the multiplicities of the irreducible representations of the transformation group discussed in Example 3.3. Recall that the space X is a closed subset of R 3 , and consists of countably many orbits with orbit representatives x 0 = (0; 0; 0) and x n = (2 ?2n ; 0; 0) for n = 1; 2; : : : . The action is free and each orbit consists of two vertical lines joined by a half-circle of radius n. The action moves x n along the vertical lines at unit speed, and along the half-circle at radial speed. The orbit space X=R = fx 0 ; x n : n 1g is compact Hausdor and discrete except for the limit point x 0 .
Let A = C 0 (X) o G. Because the action is free the map x 7 ! x := Ind G Taking disjoint topological unions we can construct a transformation-group C -algebra in which every nite multiplicity occurs:
Example 5.4. The space X is the disjoint topological union of spaces X 1 ; X 2 ; : : : where (G; X k ) is the transformation group of Example 5.3 with constant repetition number L n = k for each orbit G x n in X k . Then (G; X) is a transformation group with s (x 1 ; x 2 ; : : : ) = (s x 1 ; s x 2 ; : : : ). Denote the limit point in X k =G by G y k and let y k be the corresponding irreducible representation. Then M U ( y k ) = k + 1, and all the other irreducible representations have upper multiplicity 1. Note that C 0 (X)oG has bounded trace even though M U is not bounded on (C 0 (X) o G)^.
Suppose that G is an Abelian group acting on X and denote by the corresponding action on C 0 (X). The dual action^ ofĜ on C 0 (X) o G is given bŷ Note that (G; U) may not be a transformation group here. Our abuse of terminology is justi ed because the action of G on the saturation G U of an integrable ( -integrable) subset U is easily seen to be integrable ( -integrable).
Theorem 5.8. Let (G; X) be a second countable transformation group such that C 0 (X) o G is Type I. To see this we write (x;y) ( ) for the irreducible representation induced from the character restricted to the stability subgroup at (x; y). We show that for all y 2 R there exists a net such that M U ( (0;y) (1); ) = 1. Let fx n g be a sequence in R + converging to 0 and let = f (xn;y) (1) A net in a topological space X is said to be universal if for each subset A of X the net is eventually in A or eventually in X n A 17, 1.3.7] . A universal net converges to each of its cluster points, every net has a universal subnet, and subnets of universal nets are universal. Consequently, if C 0 (X)oG has bounded trace then the limit set of fG z g is discrete in X=G, and if fG z g ! G y then S y =C is compact. Proof. Suppose that fG z g ! G y in X=G. Then fS z g ! C S y because G is Abelian. If 2 C ? then there exists a subnet fS z g and 2 S ? z such that f g ! inĜ 28, Lemma 2] . Since fG z g is a universal net every subnet of it is also universal, and thus fG z g converges to G y. Now f (G z ; 1)]g = f (G z ; )]g ! (G y; )]; and (G y; )] is a cluster point of f (G z ; 1)]g; by universality it is also a limit point.
Conversely, suppose that f (G z ; 1)]g ! (G y; )]. Then fG z g ! G y in X=G. We lift the net to X=G Ĝ to get 2 S ?
x such that f g converges to inĜ. We need to show that 2 C ? .
Fix h 2 C. Since fS z g ! C in there exists a subnet fS z g and h 2 S z such that fh g ! h in G. Eventually all the h 's are in a compact neighborhood of h in G, and then f1 = (h )g ! (h). Hence 2 C ? .
It follows that the limit set of f (G z ; y . This proves the rst part because C ? =S ? y = (S y =C)^. If C 0 (X) o G has bounded trace then it is Type I, and the spectrum and the primitive ideal space are homeomorphic. Since G is Abelian the spectrum is homeomorphic to . Because C 0 (X) o G has bounded trace and fInd G z (1 j Sz )g is a convergent net its limit set is discrete by 14, Theorem 3]. It follows that the limit set of fG z g must be discrete in X=G, and if fG z g ! G y then S y =C must be compact. By Proposition 4.5, if C 0 (X) o G is a Fell algebra then, provided all the stability subgroups are normal and vary continuously, the action must be -integrable. When G acts freely on X, then C 0 (X)oG is a Fell algebra (that is, M U ( ) = 1 for all 2Â) if and only if X is a Cartan G-space 12] . We can now identify another class of transformation groups whose C -algebras are Fell algebras.
Lemma 5.11. Let (G; X) be a transformation group with G compact Abelian. Then C 0 (X)oG is a Fell algebra.
Proof. Since G is compact the action is proper and hence integrable. By Proposition 3.5 C 0 (X)oG has bounded trace. Thus every irreducible representation is induced from a stability subgroup. Because G is Abelian each Ind G x ( j Sx ) is unitarily equivalent to x ( ) := M x V on L 2 (G=S x ; x ), where for b 2 C c (G X), which is identically 0 unless = 1.
